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Some solutions of the Zamolodchikov tetrahedron equation
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Abstract, By introducing a natoral spectral parameter in the quantum Yang—Baxter
equation, we construct a family of solutions of Zamolodchikov’s tetrahedron equation.
The general procedure is applied to the universal quantum group R-matrix.

Recently Carter and Saito [1] discovered a simple but quite remarkable relationship
between the quantum Yang—Baxter (YB) [2] and the Zamolodchikov tetrahedron {(z1)
[3] equations. In particular, this relationship allows one to construct solutions of the
ZT equation from solutions of the vB equation. The procedure can be formulated in
abstract algebraic terms as follows. Let o be an associative algebra (over C) with unity
1. Consider any three elements {4, M, B} of A ® s, satisfying the vB

ApApAn=ApApAn - (1)

B,B3By=ByBys B (2)
and the mixed equations ,

MpMpAy=AnMipM;, ‘ (3)

BpMpMy=MxMy; By @

Equations (1)-(4) represent in the standard notation equalities in «(**. In the
following we call {4, M, B} a Carter—8aito (cs) triplet. It is not difficult to show that
any cs triplet gives rise to a solution of the zr equation. One can proceed for instance
by observing that A, M and B belong to £ ® s and.therefore can be written in the
form :

A=Y a®a] B="Y b®b] M=> m,®m| 5)

iel jel kekK

where for simplicity we assume that the index sets I, J and X are finite. More general
index sets can be treated along the same lines by requiring & to be a topological
algebra. Now, taking into account the conditions (1-4), one can verify by purely
algebraic manipulations that

z= 2{ 2 kz [@®m|®[a/®@b;]®[m};®b]] (6)

satisfies the zr equation
Z103 2145 7045 Lyss = Ziyso Zops Zras Ly (7)
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on [#A® A% Clearly, in order to implement effectively the above method for
deriving solutions of the zr equation, one should solve the preliminary problem of
constructing cs triplets. This is precisely the problem we address in the present note.

In what follows the YB equation with spectral parameter plays a fundamental role.
For this reason we start by briefly recalling the approach to the spectral vB equation
developed in [4]. Given a solution

R=Y ¢®cied®d ®)

iel

of the vB equation, we have shown in [4] how to reconstruct a relative semigroup of
spectral parameters F(R) belonging to End(s#). More precisely, denoting by s, and
&, the subalgebras of s generated by the elements {1,¢:iel} and {1,cliel},
respectively, one has that Re s§,®,. Now we define the subset ¥(R) cEnd(s4,) as
follows: a € ¥,(R) if and only if there exists 8 € End(s,) such that

[a®id] (R) = [id®@B](R). )

It is easily seen that (R} is actually a semigroup with respect to the composition of
endomorphisms. Let us introduce the mapping

R:FUR)—= AB A
defined by
R(a)=[a®id](R). (10)
Using the property (9), one can easily show that R(c) satisfies the spectral YB equation
Ry(a )R 3(0403 )Rog( @) = Ros(@2 ) Rys(aaz )R o4 ). (11)

The argument of the second factor of both sides of (11) is the composition a;a; of the
endomorphisms «; and a,. The order is essential since in general ¥,(R) is non-
commutative. We have argued in [4] that &,(R) represents a set of generalized spectral
parameters and that the above algebraic procedure can be considered as a sort of
‘Baxterization’ [5].

The right counterpart ¥,(R) of the semigroup ¥,(R) is introduced analogously and
one can verify that

R(B)=[idR®SI(R) Be¥(R) (12)

satisfies (11) as well. In general one has & (R)# ¥,(R), which gives rise to a sort of
asymmetry. Notice however that if R satisfies the vB equation, so does o(R), where ¢
is the exchange operator

g a@b—-b®@a.

Moreover, one easily verifies that ¥,(o(R))=¥,(R) and ¥(o(R)) =, (R). Without
loss of generality, one can concentrate therefore on ¥,(R).
The idempotent elements of F{R)
I(R)={ecF(R):e*=¢g} (13)

play a distinguished role in the above scheme. In fact, from (11) it follows that the
mapping (10) satisfies the vs equation in any idempotent point of ¥,(R). Furthermore,
it is an immediate consequence of (11) that

{R(&1), R(e0£1), R(e2)} (14)
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is a sc triplet for any @ € #,(R) and &,, &, € ${R). In this way one obtains a whole family
of cs triplets, naturally generated by a solution of the quantum vB equation.

in the rest of the present note we illustrate the above procedure for constructing ¢s
triplets, using as a starting point the universal R-matrix associated with a quantum
group. Denote by {a;: i=1,...,r} a basis of simple roots of a complex simple Lie
algebra G of rank r. Let (-, -) be the invariant inner product on the root space and let
a; be the associated Cartan matrix. The quantum group U, (%) is the associative
algebra generated by {1, X}, H;}, which satisfy the following commutation and
generalized Serre relations

[H;, H;]=0 .
[Xf' X 1=40,H], (15
[H,:, X}i] = iﬂ,‘iji

124 1-a;
> (—1)*’[ ) ]

Here q is a complex parameter, ¢,= ¢ and

=g
[X]q= q_q—I

T

m],~ [ml i —m],]

XEYRFQE) =0 Viz (9

4,

an

It is known [6] that % (%) has actually the structure of a quasi-triangular Hopf
algebra; the corresponding universal R-matrix} R €@ (G)@U(9) satisfies the vB
equation and has the form

; R= 2 q[ro+1.'2(HT®1-1®Hy)]P;,(uh Ui) . — (18)

yeZ

where 4 #®¥ corresponds to the canonical scalar product in the Cartan sﬁba]gebra
3 and

H=>vH  y=0n....v)eZ,
=1

Witil Z,={neZ:n=0}. Finally, {P,} are homogeneous polynomials (with ¢-
dependent coefficients) in the variables u;= X, ®1 and v;=1®X| satisfying

degu,'Py = de'gv;P?= Vi (19)

It follows from the general form of P, that Re U5, @ b_, where U, b, and W b_ are
the subalgebras generated by [1, H,, X" } and {1, H;, X| } respectively. The right-hand
side of (18) can be written more explicitly [7], but we do not enter into details here
because what we need below is only the property (19).

Let us consider now the space C" and let us define the composition

ME(“LI#D e s‘}‘r)ur)' (2'0)

t To be more precise, one should use at this point a completion of %, () with respect to a suitable topology
and ® should be understood in the topological sense.
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Equipped with this operation, C" becomes an abelian semigroup with 2" idempotent
elements forming the set $. Any £ $ is a vector in C” whose coordinates take the
values 1 or 0.

Our next step is to observe that for any 4 € C” the mapping

a;(H)=H,; a (X ) =X} (21

defines an endomorphism on AUb, . It is obvious from the homogeneity property (19)
that

[0: ®1d](R) = [1[d®S] (R) (22)
where 8; is the following endomorphism on Ub_:
BAH)=H;  B(X7)=AX;. @3)

Notice that both e, and 5, are well-defined for any ¢ € . From our general discussion
it follows also that

RA)=[e;®id](R)= D qle*ZAS-1®MIP (35 p) 24

veZh

satisfies (11} with spectral parameter in the semigroup C". From (24) one gets for the
elements of the cs triplet (14) the expressions

R(Sl) = Z q['°+“2(H”®1-1®H7)]Py(u,-, U,-) (25)
veZi(e1)
R(ehe,) = E glot RSP, (R, v:) (26)
re2% (e162)
R(e;)= E gl PEBIISHIP, (4, b)) (27)
yYeZiile) A

where Z',(g)={y e Z',: ey=1y}. In any irreducible representation of U,(‘%4), the series
in the right-hand side of equations (24)—(27) are actually finite sums. The resulting
matrices can be given the form (5) and by means of (6) one derives a family of matrix
solutions of the ZT equation.

In order to become more familiar with the general expressions (24)-(27), it is
instructive to work out a concrete example. Let %6 be the Lie algebra A, and let us
consider the fundamental representation of U, (A,). Then (24) gives the (r+1)x
(= + 1)-matrix

r+l 1 r+1 ]
R(A') =q Z Eaa®Eaa+ 2 Eaa®Ebb+ ('Z - q_l) E ﬂab(}")Eab®Eba (28)
am] a;;zl a, b=1
where
Aala+1"'j'b—l 1-<Ea<b£r+1
”""(’1)_{0, 1sb=<asr+l. (29)

Observe that the matrix (28) has an inverse for any A & C". Substituting for 4 in (29)
two arbitrary elements &1, &, € § and e,4s; € C”, one derives from (28) three (invertible)
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matrices which represent a c¢s triplet. Varying AeC" and &, 568 one generates
actually a whole family of matrix cs triplets.

In conclusion, we would like to emphasize that the construction of ¢s tnplets
described above works on general algebraic level; the basic objects are an associative
algebra s{ and a solution R € 4@ si of the quantum vB equation. This fact allows one
to derive universal (representation independent) cs triplets, which take matrix form
after fixing a representation of sf. We believe that further investigations in this
framework will shed new light on the relationship between the Y8 and zt equations.
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